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Abstract: Consider the below mentioned equation:                 (A). Historically Leonard Euler has given 

parametric solution for equation (A) when w=1 (Ref. no. 9) and degree ‘n’=2. Also S. Realis has given parametric solution for 

equation (A) when ‘w’ equals 1 and degree ‘n’ =3. More examples can be found in math literature (Ref. no.6). As is known 

that solving Diophantine equations for degree greater than four is difficult and the novelty of this paper is that we have done 

a systematic approach and has provided parametric solutions for degree’s ‘n’ = (2,3,4,5,6,7,8 & 9 ) for different values of “w”. 

The paper is divided into sections (A to H) for degrees (2 to 9) respectively.                       
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1. Summary of Background 

Whereas in math literature, we find many examples of sums of equal powers, meaning the degree is same on both sides of 

equation, in this paper we have demonstrated that it is possible to equate parametrically, unequal powers. Meaning the degree 

on the left hand side of the equation is different from the right hand side of the equations for n = 2, 3, 5, 6, 7, 8 & 9 

2. Section (A) 

Equation 1 

We have the below mentioned equation, 

              

Let, w=1, degree n=2 

            

Let: 

         

      

      

                         
       

Where             ) are known solutions 
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           (1) 

We have solution given by Leonard Euler which is given below for, 

            

a =                                 

                                

We have,                     

                                                          

                

                                                               

               ) using maple soft 

          
                    

              
 

    

                                     

                                                           
 

 

Substitute k and p to (1), hence we obtain above parametric solution. 

              

                                                         

                                                                            

                                                                      

                                                                                      

               

                                                                                      

                                         

We next show the parametric solutions of x
4
+y

4
+z

4
= w*t

2
 for several “w”. 

In the case of w=2 & 3, parametric solutions and numerical examples are shown. 

Identity by S. Realis: w=3, n=2 

                                                                     (    

                                        )
 
  

Search for smallest solutions of x
4
+y

4
+z

4
= w*t

2
 in the case of w< 20 are as follows. 

w x y z t 

1 20 15 12 481 

2 2 1 1 3 

3 1 1 1 1 

9 60 45 36 1443 

11 5 5 3 11 

17 22 17 6 137 

18 2 1 1 1 

19 15 15 1 73 



   

 

Above equation doesn't have a solution in the case of: 

w =5,6,7,10,13,14,15(mod 16). 

Equation (2) 

                      

                                              (B) 

We have known solution, (p, q, r, s)=(2,1,1,3) 

                                             

                                               (C) 

Substituting equation (B) above in eqn. (A) we get 

                                                

After some algebra we get, 

 

   
          

  
 

    (
 

 
)  

                 

  
 

     (
 

 
)  

           

               
 

Hence equation (B) above has general solution for any ‘w’ & n = 2 

We have known solution for w=2, (p, q, r, s)=(2,1,1,3)  

After substituting the above we get: 

  
    

 
 

   
             

  
 

   (
 

  
)  

                           

               
 

We have equations, 

                                             

After substituting for (g, h, k, p, q, r) we get 

                           

                               

                             

                                                                          

For (a, b) = (1,0) we get                           

Equation 3 

For w=3 degree n=2 

We have known solution                

Substituting (p,q,r, s)=(1,1,1,1) in equation (A) we get 

                                  

Hence we arrive at after substitution: 



   

 

                                

                                

                                

                                                                            

For (a,b)=(1,1) we get:                       

 

 

Numerical Examples 

         

(a, b)=                                                
(a, b)=                                              

        

(a, b)=                                        
(a, b)=                                         

                                    

Taking, n=3 we get  

                

We show the parametric solutions of                 for w = 1, 2 & 3. 

In the case of w =1, 2, and 3, parametric solutions and numerical examples are shown below. 

Smallest solutions for: 

            w   

In the case of “w” for are as follows: 

w x y z T 

1 76 72 4 392 

2 19 18 1 49 

3 228 216 12 1176 

5 380 360 20 1960 

6 57 54 3 147 

7 32 20 12 56 

9 106 91 80 297 

 

                                                       

             

Proof: 

we prove the case of w=2, since this is the simplest case. 

                                                              

                                                                   

Hence (  -1) = 0 or (u-1)*(  +u+1) = 0  

                                           

                                  {             }   

                                                

                 



   

 

                                                                        

3. Section (B) 

Equation (4) 

                       substituting above values below we get: 

                                 

                            

                           

                            

                            

Similarly, we can obtain the parametric solutions of the case w=1 and w= 3. 

Equation (5) 

We get, w=1, degree n=3 

                 

Since z = (x+y), we get                 

                                   

                                                         

                                                                

                                                                

                                

                                              

Since z = (x + y) we get,                  

                                                                      

                                                                     

                                                                      

                                 

 

Numerical Examples: 

                   

      

(a,b)=                              

                                             

For,             
(a, b) for                                   

   , n=3 

(a, b)                                 

(a, b)=                                                   

4. Section (C) 



   

 

               

degree n=4 

x
4
+y

4
+z

4
=w*t

4
. 

For degree ‘n’ 

Consideration of x
4
+y

4
+z

4
=wt

4
   (mod 16). In the case of (n mod 16)=4,5,6,7,8,9,10,11,12,13,14,15, 

above equation has no solutions. 

Consideration of x
4
+y

4
+z

4
=w*t

4
     (mod 25) 

In the case of (n mod 25) = 4, 5, 9, 10, 14, 15, 19, 20, 24 above equation has no solutions. 

For w=2 

There are infinitely many solutions. 

Using identity                          , we can get a parametric solution.  

One of the solution             =1 is (x, y) = (1, 0), so we obtain a following parameter solution. 

(-1+k
2
)

4
+ (k

2
+2k)

4 
+ (1+2k)

4
 = 2(1+k+k

2
)

4
 

Numerical solutions for above for w=2 are given below: 

k x y z t 

2 8 3 5 7 

3 15 8 7 13 

5 35 24 11 31 

6 48 35 13 43 

7 21 16 5 19 

8 80 63 17 73 

9 99 80 19 91 

2. For, w=18 

There are infinitely many solutions. 

In the same way as w=2, we can get a parameter solution. 

x
2
+xy+y

2
=3 is (x, y)=(1,1) 

(-1+2k+2k
2
)

4 
+ (-2-2k+k

2
)

4
+(1+4k+k

2
)

4
 = 18(1+k+k

2
)

4
 

3. For, w=98 

There are infinitely many solutions. 

In the same way as n=2, we can get a parameter solution. 

x
2
+xy+y

2
=7 is (x, y)=(2,1) 

(-3-2k+2k
2
)

4
+ (-1+4k+3k

2
)

4
+(2+6k+k

2
)

4
 = 98(1+k+k

2
)

4
 

5. Section (D) 

w=1 & degree n=5 

Equation (7) 

               

                                                                          

                                                      

                                                                            



   

 

                                                        

                                                                           

                                                       

                             

Numerical solution is; 

(a, b) = (1, 0)                      

                                                   

6. Section (E) 

             

w=2 & degree n=6 

Equation (8) 

             

We have the known identity given below, 

                                                               (2) 

We have known solution           = 2      

Since                               
Hence we                                               

We get                      

After substituting this in equation (2) we get the below mentioned parametrization: 

                                   

                                    

                                   

                      

Hence we get the new Identity: 

                                     

                                                       

                                                                  

                                (B) 

For m=2 in above eqn. we get:                                 

                

w =1 & degree n=7 

7. Section (F) 

Equation (9) 

                            

                                                             

                                                      

                                                                                  



   

 

                                                           

                                                      

                                                         

                            

                                                          

                                                     

                                                       

                            
 

                     

Numerical solution for above is: 

(a,b) =                                  

(a,b)=                                                             

8. Section (G) 

Degree n = 8 

                

For w=2, n=8 

Equation (10) 

                

                  

                       

                           (1) 

                               

                                      

then the right hand side of above equation (1)becomes after substitution of 

                                   

                                             

                   

                   

                     

              

For (m,n) = (2,1) we get numerical solution as (x,y,z,w) = (16,55,39,7) 

9. Section (H) 

Degree n=9 

For w=2, n=9 

Equation (11) 

A parametric solution of 

              

Let X=a, Y=b, Z=a+b 



   

 

       

 

                      

                                

                                                    

and,                                              

                                   

We obtain a parametric solution as follows. 

                                           

                                           

                                           

                           

Numerical solution for (m, n) = (1,1) we get                               

w=1, n=9  

Equation (12) 

                                       

Let X=p, Y=q, Z=p+q 

Hence 

                     =    

                                                                  

                                                                          

                                                                         

                                                    

                                             

                                                

                                               

Then we arrive at: 

                                           

We obtain a parametric solution as follows: 

                                                                

                                                                           

                                                                           

                                                     

                                  

Numerical solution is: For (a, b) =(1,1) 

                                                     

10. Conclusions 

This paper has analyzed the equation.                   , for n = (2,3,4,5,6,7,8,9). In the near future attempt can 

be made by others to find solution for degree n>9 and for different values of integer ‘w’. 
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